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Analytical Studies on Static Aeroelastic Behavior of
Forward-Swept Composite Wing Structures

Liviu Librescu* and Surot Thangjitham
Virginia Polytechnic Institute and State University, Blacksburg, Virginia 24061

An exact methodology allowing one to determine the aeroelastic lift distribution and the divergence instability
of swept cantilevered composite wing structures is developed in this paper. The approach based on the Laplace
transform technique enables one to solve, in a unified manner, both aeroelastic problems. The analysis
encompasses the cases of free and constrained warping models for the wing twist. Numerical results are
presented to demonstrate the effects played by the fiber orientation, ply lay-up, warping inhibition, and wing
geometry on the subcritical static aeroelastic response and on the divergence instability of composite swept

wings.

Nomenclature

a = two-dimensional lift curve slope coefficient
R = wing aspect ratio
By = bending-stretching rigidities
c = wing chord measured perpendicular to the reference
axis
= bending rigidities of the composite wing
= composite coupling stiffness rigidities
= the distance between the line of center of mass and
the elastic axis
= distance between the spanwise reference axis and
aerodynamic centerline
= composite nondimensional torsional coupling
parameter
= composite nondimensional bending coupling
parameter
= aerodynamic lift force
= wing semispan measured along the reference axis
= load factor normal to the wing surface
= dynamic pressure, = V2 pV?
= warping rigidity (nondimensional)
= Laplace transform variable
= aerodynamic torsional moment
= freestream velocity (parallel to the longitudinal axis
of the airplane)
y = gspanwise coordinate
4 = bending deflection of the reference axis
(nondimensional), = Z/!
zZ =d'Z/dy|,.0
@ = torsional deflection of wing sections (positive nose
up)
g = rigid wing angle of attack
o =d'a/dn'|, -
n =y/l
) = orthotropicity angle of each lamina j with respect to
a rearward normal to the reference axis (positive
for swept back)
A = sweep angle of the reference axis (positive for swept
back)
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Subscripts
n = component normal to the leading edge
O =d*)/dy?

Superscript
’ =d()/dy

Introduction

GREAT deal of interest for the utilization of laminated

composite structural systems in the aeronautical and
aerospace industries has emerged in recent years. This interest
was stimulated by the development of high-modulus, high-
strength, low-weight composite materials as well as by the
possibility to use adequately their exotic characteristics (direc-
tionality and ply stacking sequence) in order to synthesize a
structure with enhanced aeroelastic performance. Employed
in an earlier stage in the supersonic panel flutter problems
(see, e.g., Ref. 1), the aeroelastic tailoring concept was applied
later to swept-forward wing aircraft. As is well known, the
application of this new technology has resulted in the possibil-
ity of practically eliminating (without weight penalties) the
occurrence of the aeroelastic divergence instability (a chronic
problem facing the free use of this type of airplane). Most
recently, it has culminated successfully with the construction
of the Grumman X29 research airplane.

The tailoring concept applied to composite lifting surfaces,
in general, and to forward-swept wings (FSW), in particular,
has been discussed thoroughly in a series of recent survey
papers. In this sense, the reader is referred to Refs. 2-5 where
ample references to the available research works are given.
Along with the great, undoubted advantages conferred by the
employment of structural composites, a series of challenges
are associated with the use of these composite materials.

Part of these challenges are due to the complexities arising
from the anisotropic nature of composite materials themselves
and the multitude of structural couplings, not extant in the
case of traditional metallic structures. In addition, as the
results concerning the structural®-® and aeroelastic!!~'¢ behav-
ior of cantilevered structures fully reveal, in the case of com-
posite materials the effects played by the axial warping re-
straint become more prominent and more complex than in the
case of their metallic counterparts.!’-¥ Moreover, incorpora-
tion of this effect yields an increase of the order of aeroelastic
equilibrium equations, which, in its turn, constitutes a supple-
mentary mathematical complexity toward the determination
of the solution of aeroelastic problems. As is well known, the
exact solution to the differential equations for divergence and
lift distribution as developed by Diederich and Budiansky!®
for metallic swept wings [obtained within the free warping
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(FW) model] has been extended to swept-forward composite 1.8 ' ' -
wings by Weisshaar.?%-?! However, in spite of its mathematical WR A=-600
elegance, this solution is not versatile enough to accommodate FW
the incorporation of the warping restraint effect. Within the 1.6F =
framework of this paper, an exact solution technique is pre- WR A=-30°
sented allowing one to study, in a unified manner, both the FW
aeroelastic lift distribution and the divergence instability of
FSW composite wing structures by incorporating the warping 1.4 7]
restraint effect. Needless to say, these static problems are of (90%(-45%450),/C°),
an increasing significance in the design of modern high-perfor- _AR=6 , q*=0.06
mance aircraft. Although the method is illustrated here for the Qott .21 B
static case, it could be extended to study the subcritical dy- Ta,
namic response and the flutter instability as well. This paper
could be viewed as a generalization and unification of the R -0°
previous papers of the authors.!*16 Within this paper, the 1.0 L 3
wing structure will be considered restrained against rigid-body Fw
motion. Studies devoted to the aeroelastic divergence of unre-
strained vehicles can be found, for example, in Refs. 22-30. 0.8

WR A-60°
Basic Assumptions, Aeroelastic Governing Equations FW =60

A simple anisotropic plate-beam model assumed to have all . l

its bending and torsional stiffness derived from the laminated 0 '05'00 0.25 0.50 O l-7,5 1.00
composite upper and lower skins is used to analyze the aeroe- m ' '

lastic phenomena mentioned earlier. This model is based on
the kinematical assumptions used previously by Housner and
Stein3! and Weisshaar.?® As in Refs. 20, 21, and 32, we shall
postulate the existence of a reference axis (RA) coinciding with
the y axis and located, for the sake of simplicity, at the
midchord of the wing.

Consistent with the assumptions formulated in Ref. 12 (for
the geometrical characteristics of the wing see Fig. 1 as well as
the definitions given in the Nomenclature), the equations gov-
erning the static aeroelastic equilibrium of uniform cross-sec-
tion composite swept wings written in the form deduced in
Ref. 12 are

D~ZZZ/,,’_-D~66(X/’I =L(_y)

(€3/12) Dya’ ' =D’ ' + DogZ ' = T(¥) 0))]

In these equations, Dy, D, and De denote the coupling
rigidities of the composite anisotropic wing (defined in the
Appendix); Dy and c¢3Dy/12 denote the bending and the
warping rigidity, respectively; Z(y) and ofy) denote the de-
flection of the reference axis and the twist around this axis,
respectively; and L(y) and T(y) represent the lift and the
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Fig. 1 Geometry of the swept-wing aircraft.

Fig. 2 Normalized elastic lift distribution on a uniform composite
swept wing (striucture a, R = 6).

aerodynamic nose-up torsional moment (per unit span), re-

spectively. For the static case considered here, L(y) and T(y)
32

are

L) =apqnc(og+ a—Z" tanA)—NW /2l
T() = apqnceloy + a—Z ' tanA)
~NWd/2l + q,c*Crge Q)

where g, (= poV7?/2) = g cos*A denotes the dynamic pressure
component normal to the leading edge; ao [=27R/(R
+ 4cosA)] denotes the approximation for three-dimensional
slope of the lift curve valid for subsonic and subcritical Mach
numbers!®>*; oy denotes the rigid wing angle of attack (mea-
sured in planes normal to the leading edge); C,.. is the wing
section pitching moment coefficient; and W/2/ is the wing

‘weight per unit span. The boundary conditions (BCs) associ-

ated with these equations are!?
Aty=0:

Aty =1:

D~222' ’ —D~260{' =0
D~ZZZI/,_D~26a,, =0
—*Dyp/12a”" " + D o' —DyZ’' =0

a’' =0 3)

In the case of the frelgzovsz/larping model, the aeroelastic equi-
librium equations are ="

D"'ZZZ/II/_D"ZGa/// =L(y)

Desr' " =DyZ" ' = ~T(p) @
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while the associated BCs become
Aty =0:

Aty =1
D~22Z' ! —"D~26Ol/ =0
D~22Z”’-D~26a” =0

D~56Ot/ _D~ZGZ =0 (5)

Nondimensional Form of Aeroelastic
Governing Equations
Equations (1) and (4) and their associated BCs [Eqgs. (3) and
(5), respectively] will be converted to a nondimensional form.
To achieve this goal, the following nondimensional parame-
ters are defined: Z(= Z/!) and »( = y/I), denoting the nondi-
mensional deflection and the spanwise coordinate, respec-
tively; K( = D4/ Dyy) and G( = Dyg/Dgs), the nondimensional
bending and torsional coupling stiffnesses, respectively;
S[ = ¢3D,,/(121%2D¢e)], denoting the nondimensional warping
rigidity;
ay = q,clPay/ Dy,
ay = gnecl®ao/Dgs (6)
denote two speed parameters associated with the bending and
torsional degrees of freedom, respectively, connected by
a, = ka, where x = eG/IK. Converted to the nondimensional

form, the equations of static aeroelastic equilibrium for the
case where warping restraint effect is incorporated are

Z.:”“ —Ka,m—al(a—-Z"',l tanA) = alag—NWl2/2D22
Sa'““ —on + GZ-',lll—az(a—-Z,l tanA)

= (12(610 + chac/e) — NWdl/2D~66 (7)

while their associated BCs are given by

Atn=0:
Z‘=Z~,1=a=a‘1=0
Atnp=1:
Z,~Ka;=0
Z,111 —Ka; =0

—San + o, ~GZ;,=0
;=0 ®)
For the free warping case, the equations become
Zin—Kou—ae—2Z,; tanA) = ajoo— NWI2/2D5,
GZ —an—aa—Z, tanA) = ax(ag + Cpac/€)
~NWdl/2Dg )
while the associated BCs are

At p=0:

N
H
N
1}
Q
Il
<
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Atn=1:
Zy~Koa;=0
Z,lll_Ka,ll =0
a1—GZ, =0 10)

In Eqgs. (7-10), ()., = d()/dn. It should be noted that the load
factor N normal to the elastic swept wing is expressible as

1

(oo + @—Z; tanA)dy (11)
0

2clg,a,
N=——
|

Static Aeroelastic Response

To determine the static response characteristics of the com-
posite wing structure [i.e., Z = Z(3) and o = a(y)], Eqs. (7)
(obtained within the warping model) have to be solved in con-
junction with Eq. (11) and the associated boundary conditions
[Egs. (8) and (10), respectively]. This will be done through the
application of the Laplace transform technique. As it may be
inferred, Eqs. (7) and (9) considered in conjunction with Eq.
(11) constitute an integral-differential equation system. How-
ever, in order to reduce the solution of the problem to that of
a differential equation system, an iteration process has to be
used. Consistent with this procedure, the load factor Nin Eqgs.
(7) and (9) is assimilated to a constant that has to be re-evalu-
ated at each step of the iterative procedure. Alternative meth-
ods for treating this problem, applied to free warping compos-
ite wings, can be found in Refs. 20 and 34.

Solution Procedure

The Laplace integral transform method is used to solve
exactly the equations governing the static aeroelastic response
of swept composite wing structures. From the mathematical
point of view, the problems associated with warping restraint
and free warping models are similar. That is why in the follow-
ing only the solution procedure associated with the equations
incorporating warping restraint effect will be outlined. The

2.0 T - T T
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AR=6, q*=0.06

Qgtt
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n

Fig. 3 Normalized elastic lift distribution on a uniform composite
swept wing (structure b, R = 6).
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a&ff 1. (90%-45§745370°),
° AR=6, q*=0.06

Fig. 4 Normalized elastic lift distribution on a uniform composite
swept wing (structure ¢, R = 6).

Laplace transform (LT) of the nth-order derivative of the
generic function f = f(y) is

LI:M] =S"F(S)-—S"_1f|,,=0 sn- 2<df>
dn"

dn
dr— 1 f
- dnn— 1/
where F(s) = L[f(n)]; L denotes the Laplace transform opera-
tor. From Egs. (7), one obtains the solution in the LT space as

=0 (12)

Pi(s)  Pofs)  Pi(s)
gls) sg(s) sg(s)

LIZ() =

Ri(s)  Ra(s)  Ri(s)
L =
L)l g(s) +sg(S) +sg(5) (13

where g(s) is expressible as
g(s) =s%Q(s) 14

In Eqgs. (13) and (14), P;(s), Ri(s) (i =1,3), and Q(s) are
polynomials not displayed here. The polynomials Q, P;, and
R, depend on the characteristics of the aeroelastic flow-struc-
ture system, whereas the last two also depend on the boundary

conditions at the root section; the polynomials P; and R;

(i =2,3) are also correlated with the characteristics of the
aeroelastic flow structure and the load factor. Toward the end
of inverting the solution into the physical space, the partial
fraction expansion will be used. To this end, the fractions
occuring in Egs. (13) are recast conveniently as

O an O dn @
Pi(s) Pi(s) Pys) P2(5)+P3(S)+P3(S)

LEMI==3* 50 s Toe T s o6

W @ o @ @ an
_Ri(s)  Ri(s) | Ry(s)  Rafs)  Ryls) Rs(s)
et =37+ 50 " s "o s o)

1s)
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Here the polynomials occuring in Egs. (15) may be obtained
easily from the ones in Eqgs. (13). Observing that the polyno-
mial Q(s) has five distinct roots A; (i = 1,5), the solution for

Z(n) may be be expressed formally as
1 d?
[Pl(S)e (I)] +—,L‘T e [(Ils'g(s)eS"]
un
1 lim d Pl ()\) -
+Wﬂihm4+§wwmuf
an an
Py(N) Py(\)

5 5
+ _—’.__e)\n+ —_ Nt
i=1(dQ/ds)ls -, z§ (dQ/ds)|; - N

d?
— llm
Z(n) = 2 s-Od

]

16)
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Fig. 5 Normalized elastic lift distribution on a uniform composite
swept wing (structure d, R = 6).

1.08 T T T I
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Fig. 6 Effect played by the warping inhibition on the divergence of
swept-forward composite wings for structures b and a (the upper and
bottom halves of the figure, respectively).
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whereas for a(n), a similar expression as for Z(n) could be
obtained. By ordering and collecting terms in Eqs. (15) and
(16), one may express the solution in the form

Z() = ZPF\(n) + Z§Fy(n) + o F3(n)
+ of) Fyn) + 51(n)
aln) = ZPFsn) + Z§Fsn) + o Fyn)
+ o) Fy(n) + Faln) - amn
Here,

A 0)

zy 18
== as)

7=0

and

s
Fin = ¥ @ exphn),
re
play the role of shape functions where Q;, depend on the
characteristics of the flow-structure system, whereas &;
(i = 1,2) are cubic polynomials in n whose coefficients depend
on the aerodynamic characteristics of the rigid wing counter-
part and on the load factor N. This system of equations is
basic in deriving both the subcritical aeroelastic response and
divergence instability characteristics of wing structures incor-
porating the warping inhibition effect. Enforcement, in con-
junction with Egs. (8) of BCs at the wingtip (y = 1), results in
a system of four nonhomogeneous equations written in matrix
form as

................ ZOl )5 (19)
................ @

En oo Eu | @ 17

where £; (i,j =1,4) are constant-valued quantities depending
on the flow-structure system characteristics, whereas the con-
stants f; (i = 1,4) are correlated with the aerodynamic charac-

1,18 = T T T T

(90%4541-455/0°),

1.00F A=-60°

%" 0.5 .
-30
0.90 .
0.85}F -20° 4
0.80 L 1 1 1
6 8 10 12 14 16

AR

Fig. 7 Effect played by the warping inhibition on the divergence of
swept-forward composite wings for structures d and c (the upper and
bottom halves of the figure, respectively).
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Fig. 8 Effect played by the warping inhibition on the divergence of

swept-forward composite wings for structures f and e (the upper and
bottom halves of the figure, réspectively).

teristics of the rigid wing and the load factor N. The solution
to the nonhomogeneous equation system [Eq. (19)] yields the
vector

(2, 200D, o)
and as a result, from Eqs. (17), we may fully determine Z ()
and afn). These quantities allow further determination of the
effective local angle of attack g

Qetr = atg + ¢ — Z; tanA 20)

The effect on the lift distribution due to elasticity may be
illustrated in terms of the ratio o/ og:

C —Z, tanA
aLff(E_Le)=l+w 1)
o)) CL Qo

In addition to Eq. (21), we may determine the ratios L./L, and
M,/M, where L, (L,) and M, (M,) denote the net lift force and
the aerodynamic bending moment on the elastic (and on its
rigid wing counterpart), respectively, where the bending mo-
ments are determined about the effective root of the wing.

Determination of the Divergence Instability

For a divergence instability analysis, Eq. (19) should be
considered as homogeneous. In this case, the argument of
nontriviality of the solution in Eq. (19) [i.e., of Z(y) and a(y)]
results in the condition of divergence expressed in determinan-
tal form. The divergence condition is thus obtained by vanish-
ing the determinant of the matrix £; (/,j = 1,4). The minimum
positive root a; of the obtained equation determines the diver-
gence instability speed (a))p.

Free Warping Model

In this case, by paralleling the procedure already outlined,
one may express the solution in the form

Z @) = ZPFi(n) + o Fn) + o«fFs() + F:1(n)

oln) = ZPFu(m) + o Fs(n) + o Fo(n) + Fa(n) (22)
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where the polynomials &; () and &; (y) have the same meaning
as their counterparts in Egs. (17). As in the case of the warping
restraint model, a similar procedure yields a system of three
nonhomogeneous equations:

§ 11 e §13 Zéz) fl
................ o v =935 (23)
231 o 233 agz) 5

which represents the free warping counterpart of Eq. (19).

Numerical Results

Two static aeroelastic problems playing a great importance
in the design of composite swept lifting surfaces and implicitly
of modern high-performance aircraft (see, e.g., Ref. 35) have
been considered in this paper. Their response behavior from
this point of view is investigated according to the procedure
outlined in the preceding sections.

A symmetrical 16-layer composite wing structure considered
in six variants will be used to obtain numerical results.
Throughout these cases, a single material, namely, boron-
epoxy, is used as a constituent of the layers. Its mechanical
constants are

E, =30.0 x 10° psi, *E; = 3.0 x 10 psi

Glz =1.0 x 108 pSi, Vip = 0.30

These six arrangement variants are defined and labeled as

Structure a: [90 deg/(—45 deg/45 deg);/0 degl,
Structure b: [90 deg/(45 deg/ —45 deg)s/0 degl;
Structure c¢: (90 deg/ —45 degy/45 deg;/0 deg);

Structure d: (90 deg/45 degs/ —45 degs/0 deg),

Structure e: (90 deg/ — 45 deg,/45 degy/ — 45 deg,/0 deg),
Structure f: (90 deg/45 deg,/ — 45 deg,/45 deg,/0 deg);

Throughout these calculations, it was considered e/c = 0.15
and «g =5 deg. Figures 2-5 display the distribution of the
normalized effective angle of attack a.s/ o vs the nondimen-
sional spanwise coordinate n, whereas Figs. 6-8 display, for
several of these structures, the variation of the ratio g#% /5%
(i.e., of the ratio of the divergence dynamic pressure for the
wing incorporating the warping inhibition to its counterpart
obtained within the free warping model) vs the wing aspect
ratio R. .

The values for the dynamic pressure parameter q*(=
ql3/Eh%), sweep angle A, and aspect ratio AR are specified on
the respective graphs.

Conclusions

The structural wing configurations resulting in those curves
(see Figs. 2-5) falling below and above the line a.s/ap = 1 are
referred to as load attenuating and amplifying designs, respec-
tively. As a general trend, Figs. 2-5 reveal that, similar to the
case of swept metallic wings,*? the swept-back and swept-for-
ward composite wings yield the lift attenuation and amplifica-
tion, respectively.

However, to get an idea of the strength of the tailoring
technique in obtaining an improved aeroelastic design, it
should be remarked that the six structural variants described
earlier are characterized by an equal number of layers of
similar ply orientations. The only element differentiating them
is the relative position and sequence, across the thickness, of
the laminae whose ply orientations are = 45 deg.

In spite of this change, these wing configurations result in
large variabilities of the lift amplification and attenuation. In
this connection, Fig. 5, associated with wing structure d, re-
veals that for this case larger lift amplifications are exhibited

J. AIRCRAFT

as compared to the ones resulting within structures a, b, and ¢
(see Figs. 2-4, respectively). Concerning the lift attenuation
(occurring in the case of swept-back wings), an opposite trend
is emerging. In this sense, the same figures reveal that struc-
ture d, resulting in the largest lift amplification as compared to
the other ones, produces at the same time the largest relative
lift attenuation. ’

Another conclusion arising from the comparison of Figs.
2-5 concerns the effect played by the warping restraint. From
the case of metallic wings, it is known!’ that the warping
restraint results in an increase of their torsional rigidity, its
effect decaying with the increase of the wing aspect ratio. As
a result, this effect will produce, from the static aeroelastic
point of view, an attenuation of the lift amplification and,
consequently, an increase of the divergence speed. However,
as it was revealed previously in Ref. 15 and more thoroughly
in this paper, in the case of a composite cantilevered wing
structure, the warping inhibition could play a more complex
role in the sense that it could result in 1) a small modification
of the lift amplification and attenuation with respect to its free
warping counterpart (see Figs. 2-4), or 2) a big contribution
allowing one to attentuate the lift amplification when com-
pared to its free warping counterpart (see Figs. 5 and 7).

Moreover, Fig. 4 reveals that the warping inhibition could
yield an exacerbation of the lift amplification for both aft- and
back-swept wings and even in the case of moderate-to-high
aspect ratio wings. Figures 6-8 reveal that changing only the
location of the sequence of the laminae characterized by the
+ 45-deg angles could result in dramatic changes of the trend
of the variation of g2®/qf" vs R. Although structures b, d,
and f result in a trend like the one exhibited by the metallic-
type cantilevered wings where the warping inhibition plays a
beneficial stabilizing role (at least for small-to-moderate as-
pect ratio wings), in the case of structures a, ¢, and d (see the
bottom half of Figs. 6-8), the warping inhibition plays an
opposite, destabilizing role. In this case, its detrimental effect
is more prominent in the case of moderate-to-high aspect ratio
wings than in the case of their small aspect ratio counterpart.
This effect, due to the elastic couplings occurring in the com-
posite cantilevered wing, is similar (on another plane) to the
aeroelastic bending-torsional coupling arising in the case of
swept-forward wings and yielding the wash-in effect.

However, the ab initio prediction of the character (benefi-
cial or detrimental) of the warping inhibition effect as a func-
tion of the given composite cantilevered structure constitutes,
nevertheless, a task that, in spite of its importance, could not
be clarified within this study.

As a successful FSW design depends on the ability to tailor
the wing, the result is that a judicious design should search for
a composite structure whose warping inhibition would result
in a great amount of lift attenuation with respect to its free
warping counterpart. Needless to say, such a design would
result in a wing for which the warping inhibition would play a
beneficial role from the static aeroelastic point of view.

If one keeps in mind that, in the case of a cantilevered wing,
the warping restraint effect is inherently present and that the
composite wing could be tailored, the goals would be not only
to eliminate, in the case of a forward-swept wing, the wash-in
effect, but also to use properly the warping inhibition effect.

Last, but not least, Figs. 2-8 constitute a convincing demon-
stration of the strength of the tailoring technique, allowing
one to modify the trend of variation of the static aeroelastic
characteristics.

Appendix: Expressions of Stiffness Quantities Entering
the Aeroelastic Governing Equations

As shown in Ref. 6, the coupling stiffness parameters are
expressed as

Dy, = c(Dy— B/ Ap)
Dig = 2¢(D2— BrBis/Ax)
Dgs = 4c(Dgs— B3/ Ax)
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In these expressions, A, Bj;, and Dj-denote the stretching,
bending-stretching coupling, and bending stiffness quantities,
respectively (see Ref. 36).
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